We consider whether any two triangulations of a polygon on a non-planar surface with a given metric can be transformed into each other by a sequence of edge flips. The answer is negative in general with some remarkable exceptions, such as the cylinder and the flat torus.
Introduction
Partitioning geometric domains into simpler pieces, such as triangles, is a common strategy to several fields, the finite element method being a most relevant example. In particular, the triangulation of polygons is an intermediate step in many algorithms in the area of Computational Geometry. When the quality of the triangulation with respect to some criterion is considered, and no direct method for obtaining the optimal triangulation is known, it is natural to perform operations that allow local improvements. The bestknown method is the edge flip: when two triangles form a convex quadrilateral, their common edge is replaced by the other diagonal of the quadrilateral [1, 2] . This local transformation, introduced by Lawson in [3] , can be combined if necessary with methods such as simulated annealing to escape local optima [4, 5] and has also been used for the purposes of enumeration [6] . It also admits several variations [7, 8] .
A basic issue is whether any two triangulations of a domain D can be transformed into each other by means of a sequence of flips. If we define a graph T G(D) having as nodes the triangulations of D, with adjacencies corresponding to edge flips, the above question becomes obviously whether T G(D) is a connected graph or not.
It is known that the graph of triangulations of a planar simple polygon with n vertices is connected and its diameter is O(n 2 ), which is tight [9] . It is worth mentioning that even the case of a convex n-gon P has been thoroughly studied because T G(P ) is isomorphic to the rotation graph of binary trees with n − 2 internal nodes [10, 11] . On the sphere, the situation is essentially the same as in the plane.
In this work we study the connectivity of the graphs T G(P ) for simple polygons P lying on non-planar surfaces. We prove that while for the cylinder and the torus with their natural metrics (as periodic quotients of the Euclidean plane) the graph is connected (if non-empty), for general surfaces and metrics the situation is usually the opposite.
The paper is organized as follows. In Section 2 we give definitions and preliminary results, and we establish the notation that will be used along this paper. Section 3 shows that in every compact connected surface it is always possible to find a metric that admits polygons with non-connected graph of triangulations. Sections 4 focus on the connectivity of the graph of triangulations of a polygon on the locally Euclidean surfaces, when we consider their quotient metric. We conclude in Section 5 with some open problems.
Preliminaries
Many practical problems cannot be modeled by planar situations and other surfaces are required. When we meet phenomena in which the same configuration of generating points appears in cycles, we may analyze them with the aid of a point configuration on the cylinder or the torus. These are two well known surfaces since, together with the twisted cylinder and the Klein bottle, they easily admit quotient metrics that make them locally Euclidean. With these metrics, the graph of triangulations of a polygon in both the cylinder and the torus is connected, although this fact does not hold in the other two non-orientable surfaces.
We start this section summarizing the basic properties of the locally Euclidean surfaces, via their planar representation. A more complete study of them can be found in [12] .
Locally Euclidean surfaces
A motion in the plane is a map that preserves distances. The group of motions in the plane is denoted by Mo(R 2 ) and the simplest planar motions are, possibly, the translations. Given a point P in the plane, its image by a translation with vector a is the point P + a.
Let Γ a be the subset of Mo(R 2 ) generated by the previous translation. Given a point P in the plane, the orbit of P via Γ a , denoted Γ a (P ), is the set of the successive images of P under the action of the translation, that is, Γ a (P ) = {P + n a : n ∈ Z}. We can see an example in Figure 1 . The orbit of P is similarly defined for every subset Γ of Mo(R 2 ). We say two points in the plane to be equivalent if they belong to the same orbit. This is a relation of equivalence, so it is possible to consider the quotient space R 2 /Γ, in which every point (class of equivalence) corresponds to an orbit in the plane. This space inherits a metric from the plane: the distance between two points is defined as the distance between their orbits (that is, the distance between the closest pair of points, each one belonging to a different orbit) and the resulting metric space is locally Euclidean, turning out to be the same as the geodesic metric of a cylinder embedded in 3-space as a circle times a line.
This procedure can be repeated forcing the group of motions to satisfy certain conditions. We say a group Γ ⊂ Mo(R 2 ) to be uniformly discontinuous if there exits a positive number d such that if F is a motion in Γ and P any point in the plane being F (P ) = P , then the distance between P and F (P ) is greater or equal than d.
There are only four different uniformly discontinuous groups of motions in the plane, corresponding to the four locally Euclidean surfaces: the cylinder, the twisted cylinder, the torus and the Klein bottle. The twisted cylinder is obtained as the quotient space of the plane by the group generated by a glide reflection. By considering the group generated by two translations with independent vectors, we get the torus. Finally, the Klein bottle results from the group generated by a translation and a glide reflection.
In order to get a simple representation of these surfaces, a very useful tool is the fundamental domain. A fundamental domain is a closed region in the plane containing one element of each orbit, that is unique except for the points of the boundary. The usual fundamental domain is an infinite band for both the cylinder and the twisted cylinder. In the cases of the torus and the Klein bottle, the fundamental domain consists either of a rectangle, when translations have orthogonal vectors, or a parallelogram, otherwise. Arrows are often used to represent the equivalencies between the points on the boundary of the fundamental domains.
We will usually consider an orthogonal reference system in these surfaces which will be centered, for simplicity, in the leftmost side of the band or in the lowest leftmost corner of the rectangle. It will be also assumed the OX axis over the axis of one of the reflections. The tesselations of the plane generated by the fundamental domains of each surface together with the orbit of a polygon are depicted in Figures 2 and 3 . Geodesics joining two points P and Q in the quotient metric correspond to straight-line segments matching one element of the orbit of P with all the elements of the orbit of Q. The shortest of these line segments will be called the segment between P and Q ( Figure 4 ).
Under this construction, parallels and meridians (in both the cylinder and the torus) are transformed into horizontal and vertical lines, respectively. For each point P , we call its opposite parallel (resp. opposite meridian) to the farthest one from P , denoted h P (resp. g P ). The horizontal and vertical lines in the planar representations of the surfaces are called parallels and meridians, respectively. Each point P in any of these surfaces is the intersection of exactly one parallel and one meridian and it has a unique opposite meridian (the farthest one). In both the torus and the Klein bottle, P also has a unique opposite parallel (the farthest one).
Observe that the geodesic metric of the revolution torus embedded in the 3space is not the same as the quotient metric. The latter is called flat torus and is the one we are interested in. A similar construction can be performed considering the group of motions generated by two translations with nonorthogonal vectors. In this case, the fundamental domain is a parallelogram instead of a rectangle ( Figure 5 ) and a different metric in the torus is induced. Geodesics and segments are defined as before.
Triangulations of Euclidean polygons. Flips
An Euclidean polygon in a locally Euclidean surface, is a region homeomorphic to a closed disc and whose boundary consists of finitely many segments. A (metrical) triangulation of an Euclidean polygon is a partition of the polygon into triangular regions by means of segments (diagonals) with no intersections except for their ends. Note that we force every face of the triangulation to be triangular instead of considering a maximal set of segments. The reason will be apparent in Section 4.2.
Observe also that the segment joining two vertices of the polygon will be considered as a diagonal only if it goes through the interior of the polygon without crossing its boundary. For example, it does not exist a triangulation of the polygon shown in Figure 6 , u and v being the end-points of a diagonal.
In this situation, we say that the segment matching u and v is a non-admissible diagonal. 
The graph of triangulations of an Euclidean polygon is the graph T G(P ) having as nodes the triangulations of P , with adjacencies corresponding to edge flips (Figure 7) .
Given a polygon P in a surface, its vertices can be classified attending to their coordinates in relation to an orthogonal reference system. We say that a vertex v in P is a top vertex (respectively, bottom) if it is convex and its two incident edges go downwards (respectively, upwards) from v ( Figure 8 ). In the same way, we say that a vertex v in P is a right vertex (respectively, left) if it is convex and its two incident edges go towards the left (respectively, towards the right) from it. Any vertex in one of these four categories will be called an extreme vertex. Before going further let us observe that every Euclidean polygon in a locally Euclidean surface developes as a simple and bounded polygon in the plane (although it may not be contained in any fundamental domain). Triangulations in the Euclidean polygon are the same as triangulations in the simple polygon which do not use diagonals whose horizontal (in both the torus and the cylinder) and vertical (only in the torus) projection segment is longer than half the width or height of the developed surface.
Closed connected surfaces
It is to be expected that metrical triangulations depend strongly on the metric considered. Actually, changes in the metric make diagonals to be or not admissible and therefore it determines flips performances. In this section, we define a metric in the sphere that allows polygons with disconnected graph of triangulations. It will be used to extend this result to the remainder closed connected surfaces.
In the sphere, with its natural metric, geodesics correspond to great circles and the distance between two non-antipodal points is defined as the length of the shortest arc of the great circle passing through them ( Figure 9 ). An Euclidean polygon in the sphere is any of the two regions in which it is divided by a closed polygonal bounded by a finite number of segments. Triangulations are defined in the same way as they were in the previous section. It can be established by using similar arguments to those in [3] that, with this metric, the graph of triangulations of any polygon in the sphere is connected.
Our goal is to disturb this metric in such a way that this assertion will be no longer true.
Consider six points regularly distributed along a great circle and move them slightly towards one of the poles of the sphere. The polygonal chain joining these points divides the surface in two regions; we focus in that with lesser area (Figure 10 a) ). We deform continuously the sphere by lifting up small elevations inside this region until the distance between every pair of non-adjacent vertices, other than ad, be and cf , is sufficiently enlarged to ensure that the diagonals joining them are non-admissible inside that region (Figure 10 b) ).
Consider now the polygon P given by the other region and bounded by the same polygonal chain. By construction, every diagonal is admissible in this polygon except for ad, be and cf . Therefore, P admits only two different triangulations, shown in Figure 11 , which cannot be transformed into each other by a sequence of flips and hence, the graph of triangulations of P is disconnected. As it has been shown, the reasoning followed above leads to a metric in the sphere which allows polygons with non-connected graph of triangulations. This fact can be extended to the remainder closed connected surfaces by means of the following important theorem in the topological theory of surfaces:
Theorem 1 Every closed, connected surface is topologically equivalent to a sphere, or a connected sum of tori, or a connected sum of projective planes.
A proof of this result can be found in [13] , together with a definition of the term connected sum. Briefly, the connected sum of two surfaces is the new surface obtained by cutting a disk out from each of them and "gluing" them along the boundary of the disks.
By virtue of the previous theorem and mimicking the reasoning we followed in the sphere, it is possible to find a metric in each closed and connected surface that allows polygons with disconnected graph of triangulations (see Figure 12 ). This fact leads to the main result of this section. Theorem 2 Any closed connected surface admits a metric that allows polygons whose graph of (metrical) triangulations is not connected.
Locally Euclidean surfaces
We have already seen how the election of the metric in a surface determines the existence of polygons with disconnected graph of triangulations, but we usually are restricted to consider their natural metrics.
Some of the most common and useful surfaces are the locally Euclidean ones, because of the advantage of their planar representations. It is interesting to emphasize the different behavior these surfaces show when we study the graph of triangulations of a polygon embedded in them: while it is connected in both the cylinder and the torus, polygons with disconnected graph can be easily found in the two non-orientable ones. On the other hand, even in the torus, slight alterations of the metric make possible the appearance of polygons with disconnected graph of triangulations.
The cylinder
It is not difficult to establish the connectivity of the graph of triangulations of an Euclidean polygon on the cylinder. If the vertices of the polygonal chain bounding the polygon are contained in one of the two half-cylinders defined by opposite generatrices, then the metric in the polygon (and hence the triangulations) are the same as in the developed polygon [14] . In particular, the graph of triangulations is connected. However, this situation is only verified by a little amount of possible distributions of vertices, and a new proof is needed for the general case. Actually, it is not even obvious that a polygon can always be triangulated, although essentially the same ideas as in the plane give a proof of this.
Lemma 3 Any Euclidean polygon with four or more vertices on the cylinder admits a diagonal. Hence, any Euclidean polygon on the cylinder is triangulable.
PROOF. This proof is based on the proof of Meister's Lemma given in O'Rourke [15] , which establishes the same result for simple polygons in the plane.
We consider our polygon P developped on the plane. Let v be any convex vertex (as usual, a vertex is called convex if its internal angle is strictly lesser than π; otherwise, the vertex is called reflex) whose two incident edges go upwards. Let a and b be its adjacent vertices. There are two different possibilities: abv defines a bounded triangle on the cylinder, or abv is an essential line going around the cylinder, as it is shown in Figure 13 . If abv defines a bounded triangle on the cylinder, then the argument given in [15] can be followed: start with the line through v parallel to ab and move it towards the line ab (keeping it parallel) until you either reach ab or cross another vertex x of P . In the first case ab is a diagonal and in the second vx is a diagonal (Figure 14 ). If avb is an essential polygonal, consider the vertical half-line going up from v and let x be the first point of the boundary of P reached by it. If x is a vertex then vx is a diagonal. If not, start moving x towards the right until you either arrive to a vertex or the segment vx crosses another vertex v ′ of P ( Figure 15 ). In the first case vx is now a diagonal, and in the second vv ′ is. PROOF. Observe first that any triangulation of an Euclidean polygon has at least two non-overlapping ears (an ear of a triangulation is a triangle having only one internal diagonal). The proof of this fact in the plane (see again [15] , or [16] ) is essentially topological and works the same in the developped polygon, no matter the metric.
Consider now two triangulations T 1 and T 2 of an Euclidean polygon P with n ≥ 4 vertices. We proceed by induction on the number of vertices. Inductive hypothesis implies that we can join T 1 to T 2 by flips if they have a common diagonal, since this diagonal divides P into two smaller polygons.
Let v 1 (resp., v 2 ) be an ear in T 1 (resp., in T 2 ). If they are the same then T 1 and T 2 already have a common diagonal and the proof finishes. If not, without loss of generality (because each of T 1 and T 2 has at least two ears) we assume that v 1 and v 2 are non-adjacent vertices. Call P ′ the polygon obtained from P removing the vertices v 1 and v 2 . Any triangulation of P ′ (which exists by our previous lemma) together with the ears at v 1 and v 2 produces a triangulation T ′ of P which has a common diagonal with T 1 and another one with T 2 . Hence, we can go from T 1 to T 2 by flips through T ′ :
It is easily seen that the proof of Theorem 4 implies an O(n 2 ) number of flips (being n the number of vertices of the polygon). This bound is tight in the cylinder since it already tight in the plane [9] and any simple planar polygon, conveniently reduced, can be embedded in half a cylinder with the same (global) metric [14] .
The Torus
Proving the connectivity of the graph of triangulations of a polygon on the torus is more elaborated than in the cylinder. Known proofs of the connectivity of the graph of triangulations (either in the plane or in the cylinder) are based, in some sense, in the fact that every polygon is triangulable, but this is no longer true in the torus, as it is shown in Figure 16 . To be more precise, a maximal set of segments does not necessary divide the interior of the polygon into triangles. That is why the term triangulation of a polygon was defined in Section 2 via triangular regions rather than maximal sets of inner diagonals.
Moreover, even if the polygon admits a triangulation, some admissible diagonals may not take part of any of them, as it is shown in Figure 17 c Fig. 16 . c is farther from a than its opposite parallel h a . So there exits a nearest copy of c, c ′ , to a, and the diagonal ac is not admissible.
the polygon is shown to be triangulable, but the diagonal cd in b) cannot be completed to a triangulation. This anomalous behavior of the torus makes difficult the study of the graph of triangulations. First of all, we have to restrict ourselves to triangulable polygons and secondly, new techniques must be developed. In Figure 18 we have two different triangulations of a polygon where the method developed in the cylinder fails. There is no way of going form one of those triangulations to the other, keeping along the process one ear in common with one of the two triangulations.
However, it is possible to give a necessary condition for a polygon to be triangulable. We call a quadrant to any of the four regions defined by two opposite parallels and two opposite meridians. In the developed model of the flat torus, as a quotient of the plane by a horizontal vector of length w and a vertical one of length h, a quadrant is any rectangle of width w/2 and height h/2. We define the horizontal (resp., vertical ) distance of a segment as the distance between the x-projections (resp., y-projections) of its end-points. It is easily seen Fig. 18 . If we fix the selected ear in the first triangulation, as we did on the cylinder, we are not able to make any flip in the rest of the triangulation to carry it to one that contains the ear selected in the second triangulation. that a segment in the plane represents an admissible diagonal in the torus if and only if it fits in a quadrant, that is, if its horizontal (resp., vertical) length is lesser than w/2 (resp., h/2).
Proposition 5 If a polygon P on the torus contains an empty quadrant then it is not triangulable.
PROOF. It suffices to show that any triangle v 1 v 2 v 3 containing the center O of a certain quadrant H must have at least one of the three vertices v 1 , v 2 and v 3 inside the quadrant. Suppose by contradiction that a triangle fails to satisfy this. Assume v 1 to be the lowest abscissa vertex of the triangle, and v 2 the highest ordinate one, and denote g 1 and h 2 the meridian and the parallel passing through v 1 and v 2 respectively, and g ′ 1 and h ′ 1 their opposite ones, respectively. Let H ′ denote the quadrant defined by these meridians and parallels ( Figure 19 ). Let us now introduce some definitions and preliminary results that will lead us to a proof of connectivity.
Given a triangulation T of P , an ear of T is a triangle with only one internal diagonal. A vertex u of P is said to be earable if the segment joining its two adjacent vertices is an admissible diagonal.
Lemma 6 Any triangulable quadrilateral in the torus admits a triangulation having an ear in one of its extreme vertices.
PROOF. Since the two ears in a triangulation of a quadrilateral are at opposite vertices, and since every polygon has at least two extreme vertices, the only non-trivial case is that of a quadrilateral with two non-extreme vertices opposite to one another. Such a quadrilateral is contained in the isothetic rectangle having the two extreme vertices as corners ( Figure 20 ). This implies that if the diagonal joining the extreme vertices is admissible then the one joining the non-extreme ones is admissible too. One of them must be admissible because the quadrilateral is assumed to be triangulable. 2 Now, we extend the result given in Lemma 6 to any polygon.
Lemma 7 Any triangulable polygon in the torus admits a triangulation having an ear in one of its extreme vertices.
PROOF. We proceed by induction in the number of vertices. The base case is given by the previous lemma, so consider a triangulable polygon P n+1 with n > 4 vertices and let T be a triangulation of P n+1 . Let v be an ear of T and a and b be its adjacent vertices. If v is an extreme vertex in P n+1 , we finish. Otherwise, cut v out from P n+1 and obtain a polygon P n with n vertices. By the induction hypothesis, P n admits a triangulation T ′ having an ear in an extreme vertex v ′ .
If v ′ is other than a and b, then v ′ is also an extreme vertex in P n+1 and T ′′ = T ′ ∪ {△avb} is a triangulation of P n+1 having an ear in v ′ , so the result holds. Therefore, assume T ′ has an extreme ear △abc at a.
Without loss of generality, suppose a is a right vertex of P n . Let R be the lower triangle defined by the edge ab in the isothetic rectangle having ab as one of its diagonals (R is the shaded area in Figure 21 ). Since v is not extreme, it must be inside R. But this implies that a is also a right vertex in P n+1 , as seen in Figure 21 . The horizontal (resp., vertical) distance between v and c is lesser than that between a and c (resp., a and b) and since both ac and ab are admissible edges, so vc is and ab may be flipped in T ′′ = T ′ ∪{△avb} in order to get the extreme ear △cav in the triangulation T ′′ of P n+1 . 2
Now, we can prove the key result in order to get the connectivity of the graph of triangulations of a polygon on the torus. Lemma 8 Let P be a triangulable polygon on the torus having an extreme earable vertex u. Then, any triangulation of P can be transformed by a sequence of flips into a triangulation having an ear in u.
PROOF. For the sake of simplicity we assume that u is a right vertex (refer to Figure 22 ). Let T be a triangulation of P such that u is not an ear in T . Consider the subpolygon P ′ of P covered by the triangles of T incident to u. u is clearly the rightmost vertex of this subpolygon, and the edge going from u to any other vertex of P ′ is admissible. Hence, the horizontal distance between any two vertices of P ′ is smaller than w/2 (the width of a quadrant).
This means that the admissible diagonals in P ′ are exactly the same as they would be in a cylinder. In particular, by our results in Section 3 P ′ admits a triangulation which has an ear at the earable vertex u and this triangulation is connected by flips to the restriction of T to P ′ . This finishes the proof. 2 u Fig. 22 . We are interested only in the vertices that are adjacent to u. Now, we are in conditions to enunciate the main result of this section.
Theorem 9
The graph of triangulations of a polygon on the torus is either empty or connected.
PROOF. Let T 1 and T 2 be two triangulations of a polygon P on the torus. Let u be an extreme earable vertex in P , which exists by Lemma 7. By virtue of Lemma 8, T 1 (resp., T 2 ) can be transformed by a sequence of flips into another triangulation T ′ 1 (resp., T ′ 2 ) having an ear in u. In turn, T ′ 1 and T ′ 2 are connected to one another by inductive hypothesis. 2
It is easily seen that the diameter of the graph of triangulations of a polygon in the torus is at most quadratic in the number of vertices. A polygon in which a quadratic number of flips is needed can be obtained in the same way as it was in the cylinder.
Nevertheless, as we pointed in Section 3, the connectivity of the graph of triangulations is not preserved if we perform a slight change in the metric. It is sufficient to consider the metric induced when the quotient space is a parallelogram with non-orthogonal sides.
Let us consider the planar representation of the skew torus generated by two translations with vectors forming an angle of arccos √ 5. In order to simplify the coordinates of the vertices, we choose an horizontal unitary vector and the other one with modulo 2 √ 5 and hence the height of a fundamental region is one unit. Using the usual reference system we can draw an hexagon of vertices a( 1 2 + ε, 3 4 ) b(1 − ε, 3 4 ), c(1 + ε 3 , 1 2 ), d(1 − ε, 1 4 ), e( 1 2 + ε, 1 4 ), and f ( 1 2 − ε 3 , 1 2 ), with ε < 1 8 . Since the diagonals ad, be and cf are not admissible, it is not possible to perform any flip in none of the two triangulations depicted in Figure 23 . Some open problems are left after concluding this paper. The main question that remains after Theorem 2 is whether is possible or not to define a metric in a surface forcing the graph of triangulations of any polygon to be connected, as it has been shown for the torus.
On the other hand, it has not been studied the behaviour of the graph of triangulations of polygons in the torus when the metric inherited as a surface in R 3 is considered.
And, back in the flat torus, the connectivity of the graph is not established if it is associated to triangulations of point sets instead of polygons.
